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Abstract. Chapter Iis asurvey on the three notions introduoed by M. Linckelmann
[10],[11] : the transfer maps in Hochschild cohomology of symmetric algebras, the
cohomology rings of blocks, and the varieties in block theory. The transfer maps can
be called “multiplicative transfer” in asuitable situation. The definition of the block
cohomology rings is based on Puig’s pointed group theory [14]. The block variety
is defined as the subvariety of the maximal ideal spectrum of the block cohomology
ring, and it is the block version of well-known Carlson’s module variety [3].
1.
$A\text{ }$ algebra over acommtative ring $R,$ $U\text{ }$ bounded complex of $A$-modules&
, module left module . $\mathscr{P}(U)$ $U$ projective resolution
(Le., right bounded complex of projective A-modules , $\mathscr{P}(U)$ $U$
quasi-isomorphism). $\mathrm{I}$ , $\infty \mathrm{h}\mathrm{o}\mathrm{m}\mathrm{o}1\mathrm{o}y$ element
chain map homotopy class ([1, $\mathrm{I}$ , Section 27], [7, Chapter
6]).
$\mathrm{E}\mathrm{x}\mathrm{t}_{A}^{n}(U, V)=H^{n}(\mathrm{H}\mathrm{o}\mathrm{m}_{A}(\mathscr{P}(U), V))\cong H^{n}(\mathrm{H}\mathrm{o}\mathrm{m}_{A}(\mathscr{P}(U), \mathscr{P}(V))$
$\cong \mathrm{H}\mathrm{o}\mathrm{m}_{K(A)}(\mathscr{P}(U), \mathscr{P}(V)[n])$ ($K(A)\}\mathrm{g}$ homotopy category)
$U,$ $V$ module , cocycle $f$ : $\Omega^{n}(U)arrow V$ lift of $f$ :
$\ovalbox{\tt\small REJECT}(\Omega^{n}(U))arrow\ovalbox{\tt\small REJECT}(V)$ . $A$ $R$ projective $A$ Hochschild $\infty \mathrm{h}\mathrm{o}-$
mology $\mathrm{E}\mathrm{x}\mathrm{t}$-group 1 $HH^{n}(A)=\mathrm{E}\mathrm{x}\mathrm{t}_{A\otimes A^{\Phi}}^{n}(A, A)\cong \mathrm{H}\mathrm{o}\mathrm{m}\kappa(A\otimes A^{\circ})(\mathscr{P}_{A}, \mathscr{P}_{A}[n])$
, $\mathscr{P}_{A}$ $A\otimes A^{o}$-module($A-A$-bimodule) $A$ projective resO-
lusion. , 2 cup product chain maps homotopy
class .
$G$ finite group . trivial $RG$-module $R$ projective resolution $\mathscr{P}(R)$
$=\{\mathscr{P}(R)_{n}\}$ , $\mathrm{I}\mathrm{n}\mathrm{d}_{\Delta G}^{G\mathrm{x}G}\mathscr{P}(R)=\{\mathrm{I}\mathrm{n}\mathrm{d}_{\Delta G}^{G\mathrm{x}G}\mathscr{P}(R)_{n}\}$ $R(G\cross G)$-module
$\mathrm{I}\mathrm{n}\mathrm{d}_{\triangle G}^{G\mathrm{x}G}R\cong RG$ projective resolusion , $\triangle G=\{(x, x)|x\in G\}$
$(x, y)\otimes 1_{R}\vdash+xy^{-1}$ . diagonal embeding
$\delta_{G}$ : $H^{*}(G,R)arrow HH^{*}(RG)$ (injective algebra homomorphism)
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( [$\xi\ovalbox{\tt\small REJECT}\sim(R)arrow\sim(R)$ ] $]\mapsto[\mathrm{I}\mathrm{d}\otimes_{\triangle \mathrm{G}} \xi\ovalbox{\tt\small REJECT} \mathrm{I}\mathrm{n}\mathrm{d}\ovalbox{\tt\small REJECT}^{8G}\sim(R)arrow \mathrm{I}\mathrm{n}\mathrm{d}\ovalbox{\tt\small REJECT}^{\mathrm{o}G}\sim(R)[n]]$
, $[]$ homotopy class, $\mathrm{I}\mathrm{d}$ .
2. Transfer in Hochschild cohomology
, $A,$ $B$ { symmetric $R$-algebra(i.e., $R$ projective , $A\cong A^{*}$ as
A–A-bimodule). $X=\{X_{n}\}$ bounded complex of A–B-bimodules $X_{n}$ $X_{n}$
[ left $A$-module, right $B$-module projective ( bounded perfect
complex of $A-E$-bimodules ). adjunction $\mathrm{H}\mathrm{o}\mathrm{m}c(A)(X\otimes_{B_{-,-)}}\cong$
$\mathrm{H}\mathrm{o}\mathrm{m}_{C(B)}(_{-}, X^{*}\otimes_{A_{-}})$ , unit $\epsilon_{X}$ counit $\eta_{X}$ explicit form \leq
Broue’1 $\backslash$ (e.g., [10, Appendix]).
2.1.([10, 2.9]) $X$ associate transfer $t_{X}$ : $HH^{n}(B)arrow HH^{n}(A)$
$[_{\mathcal{T}:}g_{B}arrow \mathscr{P}_{B}[n]]\mapsto[^{p_{A^{arrow X\otimes_{B}P_{B}\otimes_{B}X^{*}X\otimes_{B}\ovalbox{\tt\small REJECT}_{B}[n]\otimes_{B}X^{*}arrow P_{A}[n]}}^{\Xi\chi}}.\underline{Id_{\mathrm{X}}\otimes\tau\otimes Id_{\mathrm{X}}\cdot}\eta x[n]$
. \epsilon x*[ $\epsilon x*:Aarrow X\otimes_{B}X^{*}=X\otimes_{B}B\otimes_{B}$ X*( ad-
junction $X$ $X^{*}$ unit) projective resolutions chain
map lift, $\eta x[n]$ ($n$ sift ).
. $H$ $G$ subgroup, tH,
transfer . .




















RG–RH-bimodule $X=(RG)_{H}$ , $\epsilon x*:RGarrow RG\otimes_{RH}RG$
[ $a\vdash+a\Sigma_{x\in[G/H]}x\otimes x^{-1}$ , $\eta_{X}$ : $RG\otimes_{RH}RGarrow RG$ [ a\otimes b\mapsto
Broue’ explicit form ([10, 2.6]).
(2.2)
$(\lambda\cdot : RHarrow RH)\mapsto r(RG^{\epsilon_{X}}arrow. RG\otimes_{RH}RH\otimes_{RH}RG^{\cdot}RG\otimes_{RH}RH\otimes_{RH}RGarrow RG)Id\underline{\mathrm{x}\otimes\{\lambda)\otimes Id_{\mathrm{X}}}\eta \mathrm{x}$
. projective resolution chain
map lift $n=0$ 2.1 .
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23.([10, 46]) $\mathfrak{y}_{G})\ovalbox{\tt\small REJECT} HH^{n}(RH)arrow HH^{7}(RG)$ , $n\ovalbox{\tt\small REJECT} 0$
(22) .
[ transfer $t_{X}$ } linear map $\mathrm{V}$ ‘ , $\epsilon_{X}\cdot\circ\eta_{X}\simeq Id_{X\otimes_{B}\Psi_{B}\otimes_{B}X}$ .
, algebra homomorphism . Linckelmann
.
2.4.([10, 3.1]) $X$ bounded perfect $\omega \mathrm{m}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{x}$ of $A-B$-bimodule .
$[\zeta]\in HH^{*}(A),$ $[\tau]\in HH^{*}(B)$ , 2 ([10,
3.3]).
$\mathscr{P}_{A}\otimes_{A}X\underline{\simeq}X\otimes_{B}p_{B}$ $g_{A}\underline{\epsilon_{XX\otimes_{B}}.}g_{B}\otimes_{B}X^{*}$
$\zeta_{n}\otimes Id\downarrow$ $\downarrow Id\Phi\tau_{n}$ $\Leftrightarrow$ $\zeta_{n}\downarrow$
$\downarrow Id_{X}\otimes\tau_{n}\otimes Id_{\dot{X}}$ .
$g_{A}[n]\otimes_{A}Xarrow X\otimes_{B}\simeq p_{B}[n]$ $p_{A}[n]arrow X\otimes_{B}g_{B}[n]\otimes_{B}X^{*}$
$\epsilon_{X}\cdot[n]$
, homotopy eq. $A\otimes_{A}X\cong X\otimes_{B}B$ lift $(\mathscr{P}_{A}\otimes_{A}$
$X,$ $X\otimes_{B}\mathscr{P}_{B}$ $X$ projective resolution). $n\geq 0$
, $[\zeta]$ $X$-stable ( $[\zeta]$ : $X-\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}\Leftrightarrow[\tau]$ : $X^{*}$-stable[10, 34]).
$HH_{X}^{*}(A)$ $HH^{*}(A)$ $X$-stable . adjuction maps
$\eta_{X}\circ\epsilon_{X}\cdot$ : $Aarrow X\otimes_{B}X^{*}$ $1_{A}\in A$ , $\pi_{X}\in Z(A)$ .
, $X$ $\pi_{X}$ explicit form ([10, 5.4, 5.6, 5.7]).
2.5.([10, 3.4, 3.6]) 2.4 $[\zeta],$ $[\tau]$ $[\zeta]\in HH_{X}^{*}(A)$ ,
$t_{X}([\tau])=\pi_{X}[\zeta]$ . $\pi_{X}$ $Z(A)$ $!\backslash$ $T_{X}=\pi_{X}^{-1}t_{X}$
, $T_{X}$ : $HH_{X}^{*}.(B)arrow HH_{X}^{*}(A)$ $R$-algebra homomorphism .
$\pi_{X}$ . $Z(B)$ .
. 2.4 , $t_{X}([\tau_{n}])=[\eta_{X}[n]\circ(Id_{X}\otimes\tau_{n}\otimes Id_{X}\cdot)\circ\epsilon_{X}\cdot]=$
$[\eta_{X}[n]\circ\epsilon_{X}\cdot[n]\circ\zeta_{n}]=\pi_{X}[\zeta_{n}]$ . , chain maps
$T_{X}$ algebra $\mathrm{h}\mathrm{o}\mathrm{m}$ . . $T_{X}\cdot([\zeta])=\pi_{X}\cdot[\tau]$
$\pi_{X}$ . $T_{X},$ $T_{X}$ . .
3. Block cohomology and block variety
$G$ finite group, $k$ algebraically closed field of characteristic $p>0$ . $b$
$kG$ block idempotent, $D$ $b$ defect group (i.e., $\mathrm{B}\mathrm{r}_{P}^{G}(b)\neq 0$ P-
subgp. maximal, $\mathrm{B}\mathrm{r}_{P}^{G}$ : $(kG)^{P}arrow kC_{G}(P)$ [ $\mathrm{B}\mathrm{r}\dot{\mathrm{a}}\mathrm{u}\mathrm{e}\mathrm{r}$ h.om.). i,
$b$ souroe idempotent (i.e., $(kGb)^{D}$ primitive idempotent $\mathrm{s}.\mathrm{t}$ . $\mathrm{B}\mathrm{r}_{D}^{G}(i)\neq 0$), $e_{D}$
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$\mathrm{B}\mathrm{r}_{D}^{G}(i)$ ( $\mathrm{B}\mathrm{r}_{D}^{G}(i)$ primitive) $kC_{G}(D)$ block . H , Brauer
pair $(D, e_{D})$ f maximal $b$-Brauer pair , $D$ subgroup $Q$ (
$(Q, eQ)\leq(D, e_{D})$ 1 e ([16]). $Q\leq D(\mathrm{i}.\mathrm{e}.,$ $D$
subgroup $Q$ ) [ , $E_{G}((Q, e_{Q}),$ $(D, e_{D}))=\{\varphi$ : $Qarrow D|\varphi$ [ $x$-conjugation $\mathrm{s}.\mathrm{t}$ .
$x(Q, e_{Q})\leq(D, e_{D})(x\in G)\}$ . $x(Q, e_{Q})\leq(D, e_{D})\Leftrightarrow xQ\leq D,$ $x_{C_{Q}}=eoeQ$
( $Q$ [ $Q$ cojugate sub . ). , D $(D, e_{D})$ defect
pointed group ($\gamma$ [ $i$ point).
3.1.([10, 5.1]) D associate block $b$ cohomology ring
. $H^{*}(G, b, D\text{ })=\{[\zeta]\in H^{*}(D, k)|\tilde{\varphi}\circ \mathrm{r}\mathrm{e}\mathrm{s}_{Q}^{D}([\zeta])=\mathrm{r}\mathrm{e}\mathrm{s}_{Q^{x}}^{D}([\zeta])$ for any $Q\leq D$
and any $\varphi\in E_{G}((Q, e_{Q}),$ $(D, e_{D}))\}$ . , $\tilde{\varphi}$ ( $\varphi$ } conjugation
map $H^{*}(Q, k)arrow H^{*}(^{x}Q, k)$ .
$b$ principal block , $D$ $G$ $p$-sylow subgroup $\mathrm{r}\mathrm{e}\mathrm{s}_{D}^{G}$ :
$H^{*}(G, k)\cong$ {stable elements of $H^{*}(D,$ $k)$ } $([4,10.1])$ . $[\zeta]$ stable ,
3.1 1 $\backslash$ $Q$ sylow intersection $x^{-1}D\cap D$ } , $\varphi$ $x$ }
conjugate $x^{-1}D\cap Darrow D\cap xD$ .
[ $\mathrm{m}$.age $(res_{D}^{G})\supseteq H^{*}$ ( $G,$ $b$ , D ). { Image $(res_{D}^{G})\subseteq H^{*}(G, b, D_{\gamma})$ [
$H^{*}(G, k)\cong H^{*}.(G, b, D_{\gamma})$ .
1 embeding $\delta_{G}$ : $H^{*}(G, k)arrow HH^{*}(kG)$ ( $\backslash$ Linckelmann [10]
$H^{*}(G, b, D_{\gamma})$ $HH^{*}(kGb)$ embeding . transfer
$H^{*}(G, b, D_{\gamma})^{\iota}arrow H^{*}(D, k)arrow H^{*}(G, k)arrow HH^{*}(kG)t_{D,G}\delta_{G}arrow proj$
.
$HH^{*}(kGb)$
$\iota$ } inclusion, [ injective alg.hom. 4 $\backslash$ . $T_{X}$ $\backslash$
$H^{*}$ ( $G,$ $b$ , D ) $\underline{\iota}H^{*}(D, k)arrow HH_{X^{\mathrm{r}}}^{*}(kD)arrow HH_{X}^{*}(kGb)\delta_{D}T_{X}$ injective alg. $\mathrm{h}\mathrm{o}\mathrm{m}$ .
. $X$ . $H^{*}$ ( $G,$ $b$ , D ) block $b$
source algebra ikGi} ([10, 5.2.4]), ( $kGb$ ikGi [ $kGb$-ikGi-
bimodule $kGi$ dual (kGi $=ikG$ [ { ([16, 18.10]).
3.2.([10, 5.6]) $kGb-kD$-module $kGi$ [ , $T_{kGi}\circ\delta_{D}\circ\iota$ injective
algebra homomorphism .
[10] $\leq$ . point
. . $\cdot$
(i) $kD-kD$-bimodule , $ikGi\cong\oplus_{(Q,\varphi)}kD\otimes_{kQ}\varphi kD$ $Q\leq D,$ $\varphi\in$
$Ec((Q, eQ),$ $(D, e_{D}))$ , ( , $kD$ $\varphi$ $kQ$-module . 1
(ii) $[\zeta]\in H^{*}(G, b, D_{\gamma})\Leftrightarrow\delta_{D}([\zeta])$ $kD\otimes_{kQ\varphi}kD$-stable for $\forall Q\leq D^{\forall},\varphi\in Ec((Q, eQ),$ $(D,,eD))$ .
(iii) $\pi_{kGi}$ $\pi(kGi)*=\pi_{ikG}$ fi ,
(i), (ii) $\delta_{D}$ : $H^{*}(G, b, D_{\gamma})\mathrm{C}arrow HH_{ikGi}^{*}(kD)$ . (iii) $HH_{ikG}^{*}(kD)\cong$
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variety . $U$ bounded complex of $A$-modules(A :symmet-
ric algebra) . $k$-algebra homomorphism $\alpha u$ : $HH^{n}(A)=\mathrm{H}\mathrm{o}\mathrm{m}_{K(A\otimes A^{\Phi})(\mathscr{P}_{A},\mathscr{P}_{A[n])}}$
$arrow \mathrm{E}\mathrm{x}\mathrm{t}_{A}^{n}(U, U)$ $[\zeta : \mathscr{P}_{A}arrow \mathscr{P}_{A}[n]]-[\zeta\otimes_{A}Id_{U} : \mathscr{P}_{A}\otimes_{A}Uarrow \mathscr{P}_{A}[n]\otimes_{A}U]$
( $\mathscr{P}_{A}\otimes_{A}U$ [ $U$ projective resolution ). ,
$\alpha_{U}\circ\delta_{G}$ : $H^{n}(G, k)arrow HH^{n}(kG)arrow \mathrm{E}\mathrm{x}\mathrm{t}_{kG}^{n}(U, U)$ $[\xi : \mathscr{P}(k)arrow \mathscr{P}(k)[n]]\mapsto$
$[\xi\otimes_{k}Idu : \mathscr{P}(k)\otimes_{k}Uarrow \mathscr{P}(k)[n]\otimes_{k}U]$ $\iota\backslash$ (
$kG$-module ; $kG$-modules $M,$ $N$ , $\mathrm{I}\mathrm{n}\mathrm{d}_{\Delta G}^{G\mathrm{x}G}M\otimes_{kG}N\cong$
$(M\otimes_{k}kG)\otimes_{kG}N=M\otimes_{k}N$ $((x,y)\otimes m)\otimes n\vdash\prec xm\otimes xy^{-1}n$ for $x,y\in G$ and
$m\in M,$ $n\in N$ ). , $U$ $kG$-module cup
$[\zeta]\cup I_{U}$ chain map , $\alpha 0$ \mbox{\boldmath $\delta$} kernd $I_{G}^{*}(U)$
maximal ideal spectrum of $H^{*}(G, k)/I_{G}^{*}(U)$ $U$ Carlson’s variety $V_{G}(U)$
( $U$ complex ).
34.([11, 4.1]) $U$ bounded complex of kG&modules . graded k-
algebra homomorphism $H^{*}(G, b, D_{\gamma}).HH^{*}(kGb)arrow \mathrm{E}\mathrm{x}\mathrm{t}_{kGb}^{*}(U, U)\underline{T_{kG}.0\delta_{D}}\alpha_{U}$ ker-
nel $I_{G,b,D_{\gamma}}^{*}(U)$ . $U$ block variety $V_{G,b}(U)=\mathrm{m}\mathrm{a}\mathrm{x}\mathrm{i}\mathrm{m}\mathrm{a}1$ ideal spectrum
of $H^{*}(G, b, D\text{ })/I_{G,b,D_{\gamma}}^{*}(U)$ .






$H^{*}(G, b, D_{\gamma})HH^{*}(\overline{\delta_{D}}kGb)T_{kG-}\mathrm{o}\vec{\alpha\sigma}\mathrm{E}\mathrm{x}\mathrm{t}_{kGb}^{*}(U, U)$
3.5.([11, 4.4]) $I_{G}^{*}(U)=(\mathrm{r}\mathrm{e}\mathrm{s}_{D}^{G})^{-1}(I_{G,b,D_{\gamma}}^{*}(U))$ . $H^{*}(G, b, D_{\gamma})$ $\mathrm{I}\mathrm{m}\mathrm{a}\mathrm{g}\mathrm{e}(\mathrm{r}\mathrm{e}\mathrm{s}_{D}^{G})$
, $(\mathrm{r}\mathrm{e}\mathrm{s}_{D}^{G})^{*}$ : $V_{G,b}(U)arrow V_{G}(U)$ finite surjective affine map
. , $\dim V_{G,b}(U)=\dim V_{G}(U)$ .
50
VARIETIES FOR MODULES OVER ABLOCK OF A
FINITE GROUP II
Abstract. In Part $\mathrm{I}$ , we gave the explanations for the cohomology ring of the block
and the block variety. In particular, we explained that for any bounded complex
$U$ of $kGb$-modules, there is asurjective map from the block variety $V_{G,b}(U)$ to the
usual Carlson’s variety $V_{G}(U)$ . In Part $\mathrm{I}\mathrm{I}$ , We show that there is asurjective map
$\iota^{*}:$ $V_{D}(iU)arrow V_{G,b}(U)$ , where $D$ is adefect group of $b$ and $i$ is asouce idempotent of
$b$ . We apply this result to the study on the block varieties.
4. Block varieties and source idempotents
notation Part I . (i) [11, 5.1]
. (ii) inverse version .
41. $A,$ $B$ symmetric $R$-algebra. $X$ bounded perfect complex of A-B-
bimodules ( $[\mathrm{I},$ $2$ ]) .
(i) $\pi_{X}(\in Z(A))$ , bounded complex $V$ of $B$-modules
.
(ii) $\pi_{X}*(\in Z(B))$ , bounded complex $U$ of $A$-modules
.
, $\mathrm{E}\mathrm{x}\mathrm{t}^{*}(-, )$ $\mathrm{E}\mathrm{x}\mathrm{t}^{*}(-)$ . X\otimes B $[\tau : \mathscr{P}(V)arrow \mathscr{P}(V)[n]]$
$\mapsto[Id\otimes\tau : X\otimes_{B}\mathscr{P}(V)arrow X\otimes_{B}\mathscr{P}(V)[n]]$ . $X^{*}\otimes_{A}$
.
$(\dot{\iota}i)$ $T_{X^{*}}\{$(i)





$HH_{X}^{*}.(B)\overline{\alpha_{V}}$ $\mathrm{E}\mathrm{x}\mathrm{t}_{B}^{*}(V)$ $HH_{X}^{*}.\langle B)\vec{\alpha_{X\otimes_{A}U}.}\mathrm{E}\mathrm{x}\mathrm{t}_{B}^{*}(X^{*}\otimes_{A}U)$
4.1 $X$ . derived category
, 5.1 (i) bounded perfect complex $X$
$\ovalbox{\tt\small REJECT}=U_{c}=\{0\}$ two sided split endomorphism tilting complex
, $X$ bimodule [ $A$ $B$ stable equivalence of Morita type
[ ([7]). $A,$ $B$ indecomposable non-simple symmetric
algebra ( block algebra) 5.1 (i) $\pi_{X}$ , \pi x*[
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$([\ovalbox{\tt\small REJECT}, 52])$ , . , $X$ 32
$kGb-kD$-bimodule $kGi$ . Ext-group
modules $kD- \mathrm{m}\mathrm{o}\mathrm{d}\ovalbox{\tt\small REJECT} \mathrm{e}\mathrm{s}V$ $\mathrm{o}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{g}\ovalbox{\tt\small REJECT}$ kG $\mathrm{m}\mathrm{o}\mathrm{d}\ovalbox{\tt\small REJECT} \mathrm{e}\mathrm{s}$ $U$








$kG:\otimes_{kD}-$ $(\cdot.|.)$ $\tau_{kG}.\cdot\downarrow$ $\downarrow:kG\otimes_{kGb_{-}}$
$kD(*V)$ $HH_{\dot{\iota}kG}(kD)\vec{\alpha_{U}.\cdot}$ $\mathrm{E}\mathrm{x}\mathrm{t}_{kD}^{*}(iU)$
$\delta_{D}$ : $H^{*}(G, b, D_{\gamma})arrow HH_{\dot{l}kG}^{*}(kD)$
. , $\iota$ } , top horizontal maps l $\alpha_{kG:\otimes_{kD}V}\circ T_{kG:}\circ\delta_{D}$
$\alpha_{U}\circ T_{kG:}\circ\delta_{D}$ , ( bottom horizontal maps $\alpha_{V}\circ\delta_{D}$ $\alpha:U\circ\delta_{D}$
.
$H^{*}(G, b, D_{\gamma})arrow \mathrm{E}\mathrm{x}\mathrm{t}_{kGb}^{*}(kGi\otimes_{kD}V)$ $H^{*}(G, b, D_{\gamma})arrow \mathrm{E}\mathrm{x}\mathrm{t}_{kGb}^{*}(U)$
$\iota\downarrow$ $\mathrm{t}^{kG\dot{\iota}\otimes_{kD}}-$
$\iota\downarrow$ $1^{:kG\otimes_{kGb}}-$
$H^{*}(D, k)$ $\mathrm{E}\mathrm{x}\mathrm{t}_{kD}^{*}(V)$ $H^{*}(D, k)-\mathrm{E}\mathrm{x}\mathrm{t}_{kD}^{*}(iU)$
, ([6, 1.1]).
$U$ is adirect summand of $kGi\otimes_{kD}iU$ as $kGb$ -modules
, $V=iU$ $kGi\otimes_{kD}V$ $U$ .
Linckelmann’s variety top horizontal map kernel , Carlson’s variety l
bottom horizontal map kernel . (Linckelmann
[12] $)$ .
42 $D$ block $b$ defect group, $i\in\gamma$ $b$ souroe idempotent .
, $I_{G,b,D_{\gamma}}^{*}(U)=H^{*}(G, b, D_{\gamma})\cap I_{D}^{*}(iU)$ . $H^{*}(D, k)$ $H^{*}(G, b, D_{\gamma})$
, $\iota^{*}$ $\iota$ affine map $\iota^{*}$ : $V_{D}(iU)arrow$
$V_{G,b}.(U)$ [ finite surjective . , $\dim V_{D}(iU)=\dim V_{G,b}(U)$ .
5. Invariance properties of varieties
5.1.([11, 5.5]) $G,$ $H$ . finite group. $b,$ $c$ $kG,$ $kH$ blocks de-
fect group . $i,j$ $b,$ $c$ souroe idempotent , $i,$ $j$ associate
maximal&Brauer pair, maximal $c$-Brauer pair $(D, e_{D}),$ $(D, f_{D})$ ,
$E_{G}((Q, e_{Q}),$ $(D, e_{D}))=E_{H}((Q, f_{Q}),$ $(D, f_{D}))$ for any $Q\leq D$ ( [ , $b$ $c$ Brauer
category ) . bounded perfect
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complex $X$ of $kGb-kHc$-bimodules .
(i) $X\otimes_{kHc}X^{*}\simeq kGb\oplus U_{b}$ $U_{b}$ : bounded complex of proj. kGb-kG&bimodules
$X^{*}\otimes_{kGb}X\simeq kHc\oplus U_{\mathrm{c}}$ $U_{\mathrm{C}}$ : bounded complex of proj. $kHc-kH$c-bimodules
(ii) $M_{n,t}$ $X$ component X indecomposable direct summand .
$n,$ $t$ ( , $M_{n,t}$ is adirect summand of $kGi\otimes_{kQ}jkH$ for some $Q\leq D$ .
, bounded complex $V$ of $kHc$-modules , $V_{H,c}(V)\cong V_{G,b}(X\otimes_{kH}($
$V)$ .
block algebra derived category , $U_{b}=U_{c}=\{0\}$
(i), (ii) $X$ ( splendid tilting complex . (ii) I Linckelmann
, J. Rickard (ii) $M_{n,t}|kG\otimes_{kD}kH$
([8], [15]). $X$ bimodule (i), (ii) $X|kGi\otimes_{kD}jkH$ ,
Linckelmann [9] $kGb$ $kHc$ splendid stable equivalence }
( (ii) block algebra , (i) stable
equivalence of Morita type ). stable equivalence of Morita
type block algebra , Brou\’e ([2])
derived equivalent blocks ” ” .
[ Linckelmann [9, 3.1] (splendid stable eq. Broue’[2, 6.3] 1
) , 5.1 .
52 [17] .
$N=N_{G}(D)$ , $kN$ block $b_{0}$ $b$ Brauer . $M$ $kGb$
$(G\cross G, \triangle D, G\cross N)$ Green , $M\otimes_{kNb_{0-}}=b\mathrm{I}\mathrm{n}\mathrm{d}_{N-}^{G}$
M*\otimes kGb-=b0ResNG-I $kNb_{0}$ $kGb$ stable equivalence of Morita type
. , functor {indecomposable
non-proj. $kGb$-modules} {indecomposable non-proj. $kNb_{0}- \mathrm{m}\mathrm{o}\mathrm{d}\mathrm{u}1\mathrm{e}\mathrm{s}$ } 1
1 (Green ) , block varieties .
stable eq. of Morita type , splendid stable eq. .
. , [9, 3.1] blocks 5.1 Brauer
category . , $[1, \mathrm{I}\mathrm{I},5.7.2]$ block variety
version . 35 42 ,
$U$ : projective $kGb$-module $\Leftrightarrow$ $V_{G,b}(U)=\{0\}(V_{G,b}(U)[]\mathrm{h}$ homogeneous
variety).
52 stable eq. of Morita type Green
rieties , block
Brauer category 5.1 . block
53
Brauer catrgory $5\ovalbox{\tt\small REJECT}$ varieties
. defect group abelian . 42 , blocks
Clifford .
53 $b$ abelian defect group $kG$ block, $b\mathit{0}$ Brauer
. vertex $D$ indecomposable kG&module $M$ , $L$ $(G, D, N_{G}(D))$
$M$ Green , $V_{G,b}(M)\cong V_{N_{G}(D),b_{\mathrm{O}}}(L)$ .
6. Quillen stratification for block varieties
defect group $D$ subgroup $Q$ , $rQ:H^{*}(G, b, D_{\gamma})^{\iota}arrow H^{*}(D, k)arrow H^{*}(Q, k)\mathrm{r}\infty_{Q}^{D}$
. 42 $[1, \mathrm{I}\mathrm{I}, 5.7.4]$ , kG&module $M$
($i\in\gamma$ [ source idempotent of $b$).
$V_{G,b}(M)=\iota^{*}V_{D}(iM)=\iota^{*}(\cup(res_{E}^{D})^{*}V_{E}(iM))=\cup EE\gamma_{E}^{*}V_{E}(iM)$
$E$ $D$ elementary abelian subgroups block
$\}$ principal block $V_{E}(iM)$ Linckelmann variety ).
6.1.([12, 4.2]) $M$ kG&module
(i) $\mathcal{V}_{G,b}(M)=\bigcup_{E}\gamma_{E}^{*}V_{E}^{+}(iM)$ (disjoint union)
, $V_{E}^{+}(iM)$ $[1, \mathrm{I}\mathrm{I}, 5.7.8]$ $E$ elementary
abelian subgroups
(a) $(E, e_{E})$ { $(E’,$ $e_{E’})\leq(D,$ $e_{D}),$ $E’$ elementary abelian subgroup}
$G$-conjugate class .
(b) $e_{E}$ defect group $C_{D}(E)$ .
(ii) elementary abelian subgroup $E\leq D$ (b) . $\gamma_{E}^{*}V_{E}^{+}(iM)$
$V_{E}^{+}(iM)/(N_{G}(E, e_{E})/C_{G}(E))$ $\gamma_{E}^{*}$ .
, $M$ indecomposable kG&module such that (souroe )ffi ( . sim-
ple kG&module with height 0) (i), (\"u) $V_{G,b}(=\mathrm{m}\mathrm{a}\mathrm{x}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{l}$ ideal spectrum
of $H^{*}(G, b, D_{\gamma}))$ stratffication .
Carlson’s varieties stratffication $[1, \mathrm{I}\mathrm{I}, 5.7.8]$
. (i), (ii) defect group
. , (a) $\infty \mathrm{n}\mathrm{j}\mathrm{u}\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{e}$ Brauer pair $\infty \mathrm{j}\mathrm{u}\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{e}$ .
;Carlson’s varieties T
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$]\Phi^{\backslash }\mathrm{E}^{\backslash }\mathrm{f}\mathrm{f}l\mathrm{z}\mathrm{X}^{\backslash }" 1\Gamma’\grave{\iota}_{\grave{\mathrm{J}}}^{-}t$Linckelmann varieties $-C^{\backslash }\backslash \mathit{0})_{\mathrm{f}\mathrm{J}}\urcorner\Phi^{\backslash }\otimes^{\backslash }\pi[] \mathrm{J}E^{\backslash }\otimes^{\backslash }\sigma$) \ddagger $\overline{\mathcal{D}}l\mathrm{z};f$.
$\Rightarrow$
,
$V_{E}(iM)=\cup(\mathrm{r}\mathrm{e}\mathrm{s}_{Q}^{E})^{*}VQ(jM)Q_{\epsilon}\leq D_{\gamma},Q\leq E$ ’
$Q_{\epsilon}$ local pointed grouP, $j\in\epsilon$
(ii) ( Carlson’s varieties
, $H.(_{-}, k)$ $[1, \mathrm{I}\mathrm{I}, 5.1]$ ).
Evens norm map : $H.(E,k)arrow H.(G,k)\Rightarrow$ norm map: $H^{\cdot}(E,k)arrow H.(G, b,D_{\gamma})\subseteq H^{\cdot}(D,k)$
, block cohomology ring $H.(G, b, D_{\gamma})$
Evens norm
6.1 $[1, \mathrm{I}\mathrm{I}, 5.7.9]$ block variety version .
62. $D$ block $b$ abelian defect group . $D$
subgroup $Q$ , $V_{Q}(iM)=(\gamma_{Q}^{*})^{-1}V_{G,b}(M)$ .
abelian [ . abelian $x(E, e_{E})\leq(D, e_{D})$
$x$ $iM\cong xiM$ as $kE$-modules . Carlson’s variety
62 .
$Z$ $G$ central $p$-subgroup . $4\backslash$ $kGarrow$
$k(G/Z)$ block 1 1 $barrow\overline{b}$ . ,
defect group $Darrow\overline{D}$ , source idempotent $iarrow\overline{i}$ .
63. inflation map $\inf_{D}^{D}$ : $H^{*}(\overline{D}, k)arrow H^{*}(D, k)$ $\inf_{b}^{\overline{b}}$ : $H^{*}(\overline{G}, \overline{b},\overline{D}_{\overline{\gamma}})$
$arrow H^{*}$ ( $G,$ $b$ , D ) . , bounded complex $U$ of $k\overline{G}\overline{b}$-modules
( $U$ [ $kGb$-modules complex ) ( affine map $(\mathrm{i}\mathrm{n}\beta_{b})^{*}$ : $V_{G,b}(U)arrow$
$V_{\overline{G},\overline{b}}(U)$ . , 62 $D$ abelian defect group [5]
block variety version $V_{G,b}(M)=(( \inf_{b}^{\overline{P}})^{*})^{-1}V\sigma_{\overline{b}},(M)$ ( $M$ [ kG&module).
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